Abstract. We characterize groups in which each finitely generated subgroup has polynomial growth, under some uniformity conditions.
A. Mann

Theorem 1. For a group G the following two conditions are equivalent:
(i) There exist numbers C and d , such that each finitely generated subgroup H of G satisfies s H .n/ Ä C n d .
(ii) G is virtually nilpotent and of finite rank.
Moreover, if (i) is satisfied, then G is virtually nilpotent of class smaller than p 2d and of rank at most C .
If we bound only the growth degrees, we obtain the result below. In its statement h.d / denotes the maximal order of a finite subgroup of GL.d; Z/.
Theorem 2. The following conditions on a group G are equivalent:
(i) Each finitely generated subgroup has polynomial growth, and the growth degrees are bounded. (ii) G is locally Noetherian, and contains normal subgroups N and L such that L Ä N , L is locally finite, N=L is torsion free nilpotent of finite rank, and jG W N j is finite.
Moreover, if (i) holds, with d being the bound on the growth degrees, then N and L can be chosen so that N=L has rank at most d and class less than
p 2d , and jG W N j Ä h.d /.
Here we recall that G has finite rank if there exists a number r such that each finitely generated subgroup of G can be generated by r elements. The least such r is termed the rank of G.
A simple example of a group of finite rank is the additive group of rational numbers. There each finitely generated subgroup is cyclic. Direct sums of finitely many copies of that group provide more examples. Together with subgroups of these groups, we have a continuum of examples. For non-abelian examples, note that the group of upper unitriangular n-by-n rational matrices is nilpotent of class n 1 and of finite rank.
The following concept is a variation of one mentioned in [dlH 00, VII.40]. 
Proofs
Proof of Theorem 4. This is a converse of Bass' formula [Ba 72], giving the degree of polynomial growth of a nilpotent group. Let G be a finitely generated nilpotent group, let f i .G/g be its lower central series, and let r i be the torsion-free rank of i .G/= iC1 .G/, i.e. the number of infinite factors in a decomposition of i .G/= i C1 .G/ as a direct product of cyclic groups. Bass' formula states that G has polynomial growth of degree d D P ir i . This does not yield a bound for the class of G in terms of d , because some of the lower central factors may be finite. But it is well known that G contains a torsion-free subgroup of finite index. Thus we assume that G itself is torsion-free, and let ı i .G/= i .G/ be the torsion subgroup of G= i .G/ and c D cl.G/. Then ı cC1 .G/ D 1. It is well known that ı i .G/= i .G/ is a finite group, and that fı i .G/g is a central series for G. By definition, the factors ı i .G/=ı i C1 .G/ are torsion-free, and have torsion-free rank rank r i . Because the class is exactly c, none of the factors ı i .G/=ı iC1 .G/, for i Ä c, is trivial, i.e r i 1 for 
but G i does not contain a nilpotent subgroup of class less than p 2d and index at most i . Substituting n D 1 in the inequalities, we see that the growth functions are relative to sets of at most C generators, and without loss of generality we assume that C is an integer, and that each G i is generated by exactly C elements, say x i;1 ; : : : ; x i;C . Let F be a non-principal ultrafilter on N, and form the corresponding ultraproduct K of the groups G i . Let G be the subgroup of K generated by the elements x 1 ; : : : ; x C , whose representatives are the sequences fx i;1 g, …,fx i;C g. Consider s WD s G .n/, for some n, and the elements y 1 ; : : : ; y s of G of length at most n. Write each y j as a word w j of minimal length in the generators. Then for any two distinct indices j; l the set T .j; l/ WD fi 2 N j w j .x i;k / ¤ w l .x i;k /g lies in F , and so does their intersection T (the inequalities are in G i ). Therefore T is infinite, and choosing i 2 T , i > n, we see that G i has at least s distinct elements of length at most n. By assumption, s Ä C n d , which means that G has polynomial growth, and contains a nilpotent subgroup H of finite index r and class c < p 2d . Let F be the free group on C generators a 1 ; : : : ; a C , and let N be the inverse image of H under the natural homomorphism from F onto G. Then jF W N j D r, and in the natural homomorphism of F onto G i , N maps to a subgroup H i of index at most r. Let N be generated by elements fu v g; v D 1; : : : ; t, written as words u v in the generators. Then in G the elements u v .x j / generate H , and each commutator of weight c C 1 in these generators is 1. But that means that F contains the set of indices i for which the same commutators, on the elements u v .x i;j /, are 1 (in G i ), and in particular this set of indices is infinite. But the elements u v .x i;j / generate H i , and therefore for infinitely many i's G i contains a nilpotent subgroup of class c and index at most r, contradicting our choice of G i .
Proof of Theorem 6. We know already that G contains a normal nilpotent subgroup K of finite index and of class less than p 2d . Consider the central series ı i .K/, defined as in the proof of Theorem 4, and for each i Ä c WD cl.K/ write
G=N is the group of automorphisms that G induces on L ı i .G/=ı iC1 .G/, and therefore jG W N j Ä h.d /. By definition, we have K=ı cC1 .K/ Ä Z c .N=ı cC1 .K//, and therefore cC1 .N=ı cC1 .K// is finite, by [Ro 96, 14.5 .1]. But ı cC1 .K/, which is the torsion subgroup of K, is finite, hence cC1 .N / is finite as well, and we are done.
Proof of Theorem 1. Let G satisfy condition (i). We remarked already that each finitely generated subgroup of G is generated by C elements. By Theorem 5, there exists a number r such that each finitely generated subgroup H contains a normal nilpotent subgroup N of class less than p 2d and index at most r. Let A.H / be the set of such subgroups, and for each pair H Ä K of finitely generated subgroups, consider the map N ! N \H from A.K/ into A.H /. This defines an inverse system of finite sets and maps, and there exists a point in the inverse limit of that system. Let fN.H /g be a point in the inverse limit, and write N D S N.H /. If x; y 2 N , then x 2 N.H / and y 2 N.K/ for some finitely generated subgroups H and K. Write L D hH; Ki. Then x; y 2 N.L/, therefore xy 2 N.L/ Ä N , and thus N is a subgroup. Next, if x 2 N.H / and y 2 G, then in the subgroup L D hH; yi we have x y 2 N.L/ Ä N , and this shows that N is normal. Let c be the largest integer which is smaller than p 2d , and let x 1 ; : : : ; x cC1 2 N , say x i 2 N.H i /. Then x i 2 N.L/, where this time L is generated by all the H i 's, therefore OEx 1 ; : : : ; x cC1 D 1, and N is nilpotent of class c. Finally, if z 1 ; : : : ; z rC1 2 G, and L D hz 1 ; : : : ; z rC1 i, then two of the z i 's lie in the same coset of N.L/, and therefore in the same coset of N . Thus jG W N j Ä r.
For the converse, suppose that G is nilpotent-by-finite and of finite rank, and that each finitely generated subgroup of G can be generated by k elements. Let H be a nilpotent subgroup, say of class c, of finite index r. Let F k be the free group of rank k, and let N be the intersection of the kernels of all homomorphisms of F k into G. For each such homomorphism, with kernel K, say, let L be the inverse image of H . Then jF k W Lj D r and cC1 .L/ Ä K. Let M be the intersection of all subgroups of index r in F k . This is a subgroup of finite index, and cC1 .M / Ä K, for each K, therefore cC1 .M / Ä N . Thus F k =N is nilpotent-by-finite. Let S be any finitely generated subgroup of G. Then S can be generated by k elements, hence it is a homomorphic image of F k . In this homomorphism N is in the kernel. Thus S is an image of G=N , and the growth function of G=N (which is polynomial) is an upper bound for the growth function of S . Thus all finitely generated subgroups of G have a common polynomial upper bound for their growth functions.
Proof of Theorem 2. First assume that G satisfies condition (1). By Theorem 6, each finitely generated subgroup H contains a normal subgroup N.H / of index at most h.d / such that cC1 .N.H // is finite, where c D b p 2d c. Let A.H / be the set of such subgroups, and for each pair H Ä K of finitely generated subgroups, consider the map N ! N \ H from A.K/ into A.H /. This defines an inverse system of finite sets and maps, and there exists a point in the inverse limit of that system. If fN.H /g is that point, then, as in the proof of Theorem 1, N WD S N.H / is a normal subgroup of index at most h.d /. A finitely generated subgroup of cC1 .N / is contained in cC1 .N.H //, for some finitely generated subgroup H , and therefore cC1 .N / is locally finite. ı.N= cC1 .N // is also locally finite, and we take L to be the subgroup of G satisfying L= cC1 .L/ D ı.N= cC1 .N //. Each finitely generated subgroup H of N has Hirsch rank at most d , by Bass' formula, and looking in the series ı i .H=H \ L/, with free abelian factors, shows that H=H \ L can be generated by d elements. Finally, G is locally Noetherian, because each finitely generated subgroup is nilpotent-by-finite.
Conversely, assume that G satisfies (2). Let H be a finitely generated subgroup of G. Since H is Noetherian, H \ L is finitely generated, and since L is locally finite, H \ L is finite. Then the series H \ L G H \ N G H , with the first and last terms finite and the middle one nilpotent, shows that H has polynomial growth. Moreover, the middle link has a central series of length c with factors that can be generated by k elements, for some c and k, therefore Bass' formula shows that the degree of H is at most ck.
We now come to Gromov's result mentioned in the introduction. The following is an obvious corollary of Theorem 2.
Corollary 11. A torsion-free group has all its finitely generated subgroups of polynomial growth of bounded degree if, and only if, it is virtually nilpotent of finite rank.
This implies a converse to a remark made following the statement of Theorem 2 above.
Corollary 12.
A group as in Corollary 11 is a subgroup of GL.n; Q/, for some n. Proof of Proposition 7. First we recall that G is uniformly amenable if for each " > 0 there exists a function q " .n/ such that for each finite subset E of G there exists a finite subset K such that jEKj Ä .1 C "/jKj and jKj Ä q " .jEj/. Now we repeat Bozejko's argument. Suppose that G is of uniform local sub-exponential growth, but it is not uniformly amenable. Then there exist some " and some number k, such that for each r we can find a k-subset E of G, such that for all s-subsets K of G, with s Ä r, we have jEKj > .1 C "/jKj. Choose r D k n . Then for the corresponding E we take as K the subsets E m , with m D n; n 1; : : : , and obtain jE nC1 j > .1 C "/ n k. Then 
Concluding remarks
The inequality d 1 2
.c 2 C c C 2/, which was obtained in Corollary 10, is best possible. To see this, start with a free abelian group of rank c, with basis x 1 ; : : : ; x c , and extend it by an element x of infinite order such that x One possible way to find groups of locally polynomial growth may be the following. By a famous theorem of G. Higman, B .H .Neumann, and H. Neumann, each countable group is a subgroup of a two-generator group. Let the countable group G be a subgroup of the finitely generated group H . We can count the elements of G according to their length in H . It is then possible that the growth function of G defined in this manner is polynomial, and then Theorem 2 applies. I have not seen any investigations along these lines. Another possible situation is this: suppose that G is a subgroup of an infinitely generated group H , and that a set of generators for H is given. Then we can still define the length of each element relative to these generators. In H there may be infinitely many elements of each length, but it may happen that G contains only finitely many elements of each length. Note that in that case the exponential bound for the number of elements of each length does not necessarily applies. Again I know of no investigations of such situations, not even some examples.
